Abstract. Let D be the support design of the minimum weight of an extremal binary doubly even self-dual [24m, 12m, 4m + 4] code. In this note, we consider the case when D becomes a t-design with t ≥ 6.
Introduction
Let C be an extremal binary doubly even self-dual [24m, 12m, 4m + 4] code. Known examples of C are the extended Golay code G 24 and the extended quadratic residue code of length 48. It was shown by Zhang [10] that C does not exist if m ≥ 154. The support of a codeword c = (c 1 , . . . , c 24m ) ∈ C, c i ∈ F 2 is the set of indices of its nonzero coordinates: supp(c) = {i : c i = 0}. The support design of C for a given nonzero weight w is the design for which the points are the 24m coordinate indices, and the blocks are the supports of all codewords of weight w. Let D w be the support design of C for any w ≡ 0 (mod 4) with 4m + 4 ≤ w ≤ 24m − (4m + 4). Then it is known from the Assmus-Mattson theorem [1] that D w becomes a 5-design.
One of the most interesting questions around the Assmus-Mattson theorem is the following: "Can any D w become a 6-design?" Note that no 6-design has yet been obtained by applying the Assmus-Mattson theorem (see [2] ).
In this note, we consider the support design D(= D 4m+4 ) of the minimum weight of C. By the Assmus-Mattson theorem, D is a 5-(24m, 4m+4, 5m−2 m−1 ) design. Suppose that D is a t-(24m, 4m+4, λ t ) design with t ≥ 6. It is easily seen that λ t = 5m−2 m−1
is a nonnegative integer. It is known that if D is a 6-design, then it is a 7-design by a strengthening of the Assmus-Mattson theorem [4] . In [ [2] that if D is an 8-design, then m must be in the set {8, 42, 63, 75, 130}, and D is never a 9-design.
In this note, we extend a method used in [2] . First, we will prepare it in Section 2. In Section 3, we consider a self-orthogonal 7-design which has parameters equal to those of D. Then we will show that there is no self-orthogonal 7-design for some m. For the remainder m, we consider the support 7-and 8-design of C in Section 4. In summary, our main result is the following theorem. 
Preparation
, where X is a set of points of cardinality v, and B a collection of k-element subsets of X called blocks, with the property that any t points are contained in precisely λ blocks. It follows that every i-subset of points (i ≤ t) is contained in exactly λ i = λ ) design. Suppose that D is a t-(24m, 4m+4, λ t ) design with t ≥ 6, where
. It is known, by a strengthening of the Assmus-Mattson theorem [4] , that if D is a 6-design, then it is also a 7-design. Hence λ 6 and λ 7 are nonnegative integers. Then, by computations, we have the following lemma: The Stirling numbers of the second kind S(n, k) (see [9] ) are the number of ways to partition a set of n elements into k nonempty subsets. The Stirling numbers of the second kind can be computed from the sum
n or the generating function
where 
The elementary symmetric polynomials in n variables x 1 , x 2 , . . . , x n written σ k,n for k = 0, 1, . . . , n, can be defined as σ 0,n = 1 and
Then we have the following lemma.
3 On the nonexistence of some self-orthogonal 7-designs A t-(v, k, λ) design is called self-orthogonal if the intersection of any two blocks of the design has the same parity as the block size k [7] . Notice that a design obtained from the supports of the minimum weight codewords in a binary doubly even code is self-orthogonal as the blocks have lengths a multiple of 4 and the overlap of supports of any two codewords must have even size. In this section, let 
For the design D ′ , we define
By Lemma 2.2, we have 
Then we have the following theorem. 
By (5) is not an integer as in Table 1 . Hence n 14 is not an integer, which is a contradiction. Therefore, there is no self-orthogonal 7-(24m, 4m + 4, λ 7 ) design. Let C u be the set of all codewords of weight u of C, where 4m + 4 ≤ u ≤ 20m − 4. Fix a ∈ C u and define n .) These equations have been studied for a t-design and some applications, e.g. see Cameron and van Lint [5] , Koch [6] and Tonchev [8] . We set
For the design D, we define
Then as a generalization of equation (4), we have
Then we give the following theorem. (Note that Theorem 3.1 is a stronger result.) Proof. By (7), we have is not an integer as in Table 2 . Hence n 4m+8 14
is not an integer, which is a contradiction. Therefore, D is not a 7-design. . With n i as defined in Section 3, which equals n In the case m = 63, by a computation using Magma, we have 
